Abstract. The phase gradient approach is used to construct averages and differences of interferograms without phase unwrapping. Our objectives for change detection are to increase fringe clarity and decrease errors due to tropospheric and ionospheric delay by averaging many interferograms. The standard approach requires phase unwrapping, scaling the phase according to the ratio of the perpendicular baseline, and finally forming the average or difference; however, unique phase unwrapping is usually not possible. Since the phase gradient due to topography is proportional to the perpendicular baseline, phase unwrapping is unnecessary prior to averaging or differencing. Phase unwrapping may be needed to interpret the results, but it is delayed until all of the largest topographic signals are removed. We demonstrate the method by averaging and differencing six interferograms having a suite of perpendicular baselines ranging from 18 to 406 m. Cross-spectral analysis of the difference between two Tandem interferograms provides estimates of spatial resolution, which are used to design prestack filters. A wide range of perpendicular baselines provides the best topographic recovery in terms of accuracy and coverage. Outside of mountainous areas the topography has a relative accuracy of better than 2 m. Residual interferograms (single interferogram minus stack) have tilts across the unwrapped phase that are typically 50 mm in both range and azimuth, reflecting both orbit error and atmospheric delay. Smaller-scale waves with amplitudes of 15 mm are interpreted as atmospheric lee waves. A few Global Positioning System (GPS) control points within a frame could increase the precision to -20 mm for a single interferogram; further improvements may be achieved by stacking residual interferograms.
Introduction
Synthetic Aperture Radar Interferometry (InSAR) is a promising new too! for making precise geodetic measurements over large areas [Gabriel et There are several advantages to working with the phase gradient instead of the phase: (1) The phase gradient can be computed directly from the real and imaginary components of the interferogram [Werner et al., 1992] without first computing the phase; this is especially important when the noise level approaches n rad per pixel. (2) The Earth-flattening correction is easily expressed in terms of a phase gradient (Appendix A). (3) Phase gradients can be averaged or differenced without phase unwrapping, so a digital elevation model (DEM) is not required for change detection. The average of the phase gradient from many repeat interferograms, having different baselines, will eventually fill the gaps due to temporal and baseline decorrelation. A long-term average should minimize the phase errors due to tropospheric and ionospheric delay and thus provide an accurate base for change detection interferograms [Zebker et al., 1997; Fujiwara et al., 1998 ]. (4) The gradient of the residual phase is a component of strain that can be computed directly from a numerical model of surface deformation. In a previous study [Price and Sandwell, 1998 ] we showed that these advantages and simplifications enable one to examine shorter wavelengths in the interferogram where the signal-to-noise ratio may be low. There are several disadvantages to this approach: (1) Phase gradients cannot be compared directly with geodetic measurements of ground displacement, so phase unwrapping is still required. (2) The gradient operation enhances the short-wavelength noise, so careful low-pass filtering of the full-resolution interferogram is required. (3) The standard residue-tree algorithm for phase unwrapping [Goldstein et al., 1988 ] cannot be used on stacked phase gradients since every closed path of integration has some small residue.
The standard approach to adding or subtracting wrapped phase requires phase unwrapping, scaling the phase by the ratio of the perpendicular baseline, and finally forming the average [Zebker et al., 1994a; Werner et al., 1996] . Unique phase unwrapping is not always possible because areas of the interferogram may not be coherent owing to high relief or wavelength-scale surface changes between the two observation times [Goldstein, 1995] . Here we avoid phase unwrapping or delay it until the final step of the processing. 
R2+i • where R(x) and/(x) are the real and imaginary components of the Earth-flattened interferogram (equation (A10)). The interferogram is the product of two registered single look complex (SLC)images C•C2' (asterisk denotes complex conjugation)
, and we will refer to C• and C2 as the reference and repeat images, respectively. Unlike the wrapped phase, which contains many 2n jumps, the real and imaginary components of the interferogram are usually continuous functions, and thus the gradient can be computed with a convolution operation. Because this is a finite difference of nearby pixels, one must minimize the overall phase gradient prior to computing the derivatives; a large part of the phase gradient is removed during the Earth-flattening operation (Appendix A Proper weighting of the component interferograms will depend on many factors and will require a more complete analysis than we will provide below using only six' interferograms. However, it is clear that the simple unweighted average (equation (2)) is not correct. Consider the average of one 10-m baseline and five 100-m baseline interferograms; the short-baseline interferogram will dominate the stack yet it could be contaminated by atmospheric artifacts. A more reasonable assumption is that each phase gradient estimate has about the same noise level, It is clear that the cumulative baseline in the denominator of (3) should be large to achieve maximum noise reduction. Longer baselines will provide better noise reduction, but these estimates will not be reliable in areas of rugged terrain where the phase gradient exceeds 1.2 tad per pixel. Hopefully, the estimates from shorter baselines will fill these gaps. Areas of layover can never be filled, and these data gaps pose a major obstacle to the phase unwrapping scheme outlined in section 2.2. [Zebker and Lu, 1998 ]. In practice, a suite of baselines will provide the best estimate of V0 . For change detection one selects a candidate interferogram spanning a deformation event and subtracts the long-term average after multiplying by the perpendicular baseline:
If the perpendicular baseline of the interferogram spanning the event is short, then Ibl is small and errors in the topographic correction will be unimportant. If there are several interferograms spanning the same event, then they can be averaged to improve the SNR. Note that this quantity (equation (4))is the horizontal gradient of the line of sight displacement or an unusual component of strain. This strain component could be computed directly from a model, so phase unwrapping is not required. However, phase unwrapping is required to convert the phase gradient anomaly to total phase for comparisons with other geodetic measurements.
There are three end-member cases for change detection: (1) an event where the phase delay anomaly occurs in a single SAR image (usually atmospheric), (2) an event where the phase delay anomaly is permanent (earthquake), and (3) a secular time variation where the strain rate is uniform.
In this study, we only consider case 1 using real data. One approach to isolating an event using noisy data is
where V0• is the phase gradient anomaly from (4) and ]5 is the spatial correlation function given in (A15 The main new feature of this approach is that the averaging and differencing of many interferograms for topographic recovery and change detection is all done prior to unwrapping the phase. Moreover, in the case of change detection, removal of the main topographic signal reduces the phase gradient toward zero. Thus, in areas of poor correlation, an initial guess of zero phase gradient will provide a good starting point for any phase unwrapping algorithm.
Phase Unwrapping and Residue Elimination
As noted in section 1, the main weakness of the phase gradient approach is that the gradients must still be integrated to recover topography and/or displacement. The two main unwrapping approaches summarized recently [Zebker and Lu, 1998; Ghiglia and Pritt, 1998 ] are the residue-tree algorithm [Goldstein et al., 1988] and the least squares algorithm [Hunt, 1979; Ghiglia and Romero, 1994] . Unfortunately, the residuetree algorithm cannot be applied to stacked phase gradients because the stack is completely populated with small residues. Consider the integration of the phase gradient around a closed path C containing area A. If the phase •p is a continuous function and has continuous first derivatives, then by Stokes theorem it is equal to the integral of the divergence of the curl over the area:
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Moreover, if the phase represents a conservative function such as topography, then both integrals are zero for all paths/areas. We have computed the curl of the stacked phase gradient of example data sets (below), and as expected, we find paired residues associated with areas of layover. The unfortunate result is that the residues in other areas are never exactly zero. This is because the range and azimuth phase derivatives are performed independently, edited independently, and then stacked independently; there is no reason that they should be consistent. The implication is that different integration paths between two points will always yield slightly different results, and thus the residue-cut tree algorithm cannot be used. These small residues can be eliminated as described next, but this involves unwrapping the phase using an approach that is functionally equivalent to the least squares approach of [Hunt, 1979] .
Oddly, we derive the so-called least squares approach without using the principle of least squares! We then show that our approach is mathematically different from the least squares approach although it is functionally equivalent. Let shaped filter was used to avoid the prominent sidelobes of a simple boxcar average. For ERS-1/2 the spacing of pixels in ground range is -5 times the spacing of pixels in azimuth. We have designed a convolution filter that is nearly isotropic in ground-range and azimuth coordinates:
3. Data Analysis
Selection
To assess the improvements in SNR due to stacking phase gradients as well as to estimate the various error sources in ERS interferograms, we have selected six frames from the Tandem mission which span a short period of time and have a wide range of baselines (Table 1) . From these we have formed six interferograms. The area of the frames (Figure 2 ) was the site of the 1992 Landers earthquake, so we had purchased the data for a previous study [Price and Sandwell, 1998 ]. Moreover, the area was selected because the dry surface of the Mojave Desert is ideal for retaining high correlation in repeatpass interferometry. Five slave images were aligned in range, azimuth, and Doppler centroid to a single master image (ERS2_3259) so interferograms could be constructed from any pair [Li and Goldstein, 1990] . The vertical and horizontal positions of the set are shown in Figure 3 , and six of the many possible interferometric pairs are listed in Table 1 . Earth flattening (equations (A9) and (A10)) was performed on a rowby-row basis to account for the change in baseline length along the frame. Baselines were computed as described in Appendix B using precise orbits provided by Delft University length. Note that to achieve these high resolutions, one must operate on the full-resolution ERS data. The phase gradient was constructed by applying the operations given in (1). After the filtering and differentiation the phase gradients were decimated by 2 pixels in range and 4 pixels in azimuth reflecting the cutoff wavelengths of the Gaussian filter. Finally, we eliminated phase gradient estimates where the phase rate exceeded 1.2 rad per pixel and where the correlation (A15) was less than 0.2. This eliminated areas of layover and temporal decorrelation, respectively. The three Tandem pairs have only a 1-day time lag, and the correlation was generally high. The correlation was lower for the other three interferograms, especially in the southern part of the area that contains the vegetated San Bernardino Mountains. 
Short Wavelength Coherence
Our initial objective is to design a low-pass filter that will suppress noise but retain the signal at high spatial wavenumber that may become available after stacking many interferograms. The repeat-track analysis method [Welch, 1967; Bendat and Piersol, 1986; Marks and Sailor, 1986 ] was used to evaluate the signal and noise characteristics of the phase gradient data as a function of spatial wavenumber. For the analysis we selected two interferograms generated from four independent SAR images (i.e., rows 3 and 4 of Table 1 estimates from 350 independent rows were ensemble averaged to form smooth power spectra, cross spectra, and coherence segments (only every eighth row was analyzed). The range (x) and azimuth (y) gradient data were treated separately. The results are shown in Figure 5 where the signal power, noise power, and coherence are plotted versus spatial wavenumber. Note that to obtain the power in the phase rather than the phase gradient, one should divide each curve by (2/rk) 2. The derivative operation has no effect on the estimates of coherence, and it provides a natural means of "prewh"tening" prior to Fourier analysis. The signal power (Figures 5a and 5b) decreases rapidly with increasing wavenumber in both range and azimuth reflecting the power spectra of the common topographic signal. The noise spectra increase with increasing wavenumber between 0 and 0.01 m 4 (100-m wavelength) reflecting the "whitening" shown that the noise spectrum is blue in terms of phase gradient (white in terms of phase).
Stacking Phase Gradients and Topographic Recovery
Phase gradients from six interferograms were stacked as described by ( on the east sides of the mountains and always have negative gradient for this imaging geometry. Initially, we set these unknown gradients to zero and proceed to unwrap the phase' of course, this introduces isolated dipolar artifacts [Zebker and Lu, 1998 ]. We then differentiate the phase to recover new estimates of phase gradient in areas of layover and proceed to unwrap again; after several iterations the procedure converges [Ghiglia and Romero, 1994] . Figure 9 shows the topography derived from the unwrapped phase (equation ( 
Atmospheric Waves
In addition to orbit error, the six change interferograms reveal other phase delays that are presumably due to atmospheric and ionospheric effects. The three interferograms ferogram is too noisy to adequately resolve these small features. We attempted to stack the three residual interferograms using the coherence-weighting scheme given in (5). However, the long-wavelength trends interacted with the gaps in each interferogram to create artificial long-wavelength effects.
To check that this is an atmospheric effect, we have searched the National Oceanic and Atmospheric Administration (NOAA) archives for advanced very high resolution radiometer (AVHRR)images on that date. The closest image in 
Limitations and Unresolved Issues
These initial results suggest that the phase gradient approach will be a good way to treat ERS interferograms when many repeat frames are available. While this report outlines the theory, the applications presented here are quite limited and do not always demonstrate the advantages claimed in the introduction. To better understand the approach, the following types of research need to be completed:
1. Analyze perhaps >20 repeat images instead of just 6. With only six interferograms one cannot use the stack to begin editing and weeding out the bad estimates. In a similar study, where repeat satellite altimeter profiles were stacked, a high level of confidence was gained when 16 repeats became available, and dramatic improvement was seen when 40 profiles were stacked [Yale et at., 1995] .
2. Remove as much known signal as possible before filtering the interferogram; this could be done using a lowresolution digital elevation model [Massonnet et at., 1994] . The expected benefits are a more accurate estimate of correlation [Werner et at., 1996] , smaller errors due to numerical differentiation, retention of more high phase rate data in the mountains, and more accurate phase unwrapping especially at long wavelength and near the edges of the area.
3. Further investigate the effects of layover on topographic recovery from stacked phase gradients. Layover is a Figure 5 suggests that even very noisy interferograms will contain some information at long wavelengths. Perhaps this can be recovered after careful removal of the topographic signature followed by a low-pass filter. 5. Explore a long time series of difference interferograms to isolate the three types of temporal signals (i.e., single event, stepwise event, and secular change).
6. Finally, given that there will always be residual orbit and atmospheric error at the centimeter level and that we would like to observe changes at the millimeter level, one should explore the best approach to using GPS measurements of ground deformation and atmospheric-ionospheric delay to correct the interferograms. 
Summary
We have just scratched the surface on using phase gradients for recovering topography and surface change from SAR interferometry. The theoretical development of the phase gradient and their sums and differences are straightforward. Carefully designed low-pass and gradient filters must be applied to the full-resolution interferogram in order to obtain unbiased estimates of gradient at the shortest possible wavelength. Precise orbits are needed to remove most of the long-wavelength phase gradient as well as to estimate the perpendicular baseline scale factors that are needed for stacking interferograms. In addition, the precise orbits could be used to automate the entire processing sequence, but there is still a problem with the timing accuracy of the ERS data (Appendix B).
Phase unwrapping is still a major problem, which we believe is best solved by first removing all known signals Earth radius (i.e., the spheroid), 0 be the look angle, p be the range to the spheroid, and c be the distance from the satellite to the center of the Earth. Again, by the law of cosines we find [Joughin et al., 1996] r/-cos0-(c2 + p2_ ro 2) where zip is the pixel width, which is related to the bandwidth W of the radar chirp zip < c/2 W.
Next assume that the baseline is one-half the critical value, so the phase rate across the image is tr rad per pixel, and that there is no surface topography. When one computes the correlation by averaging the interferogram over range pixels as described in (A15), adjacent pixels will have opposite phase, so the numerator in (A15) will sum to near zero. If the Earthflattening correction is applied prior to computation of the
